If T is any noncompact, bounded, linear operator on a separable Hubert space H, then there exists a nilpotent (bounded, linear) operator N on H such that N+Tis invertible.
Introduction.
If A is a nonzero operator on a finite dimensional, complex Hubert space Jf, then it is an exercise in linear algebra (cf. [2] ) to find a nilpotent operator N on Jf such that A+N is invertible. The object of this note is to generalize this result to operators acting on a Hubert space of dimension X0. Thus, throughout the remainder of this paper, <?f will denote a separable, infinite dimensional, complex Hubert space, and JSfpf) will denote the algebra of all (bounded, linear) operators on =3f. As it turns out, the appropriate generalization of the above-mentioned fact to operators on Jf provides a novel characterization of the ideal of compact operators in SPLUP ). Our main result is the following theorem. This theorem may be regarded as a generalization of the finite-dimensional result mentioned above because the ideal of compact operators is the maximal proper ideal in .Sfpf) and (0) is the maximal proper ideal in the ring of operators on a finite dimensional space. Thus, each result says that every operator that is not in the maximal proper ideal has a'nilpotent perturbation which is invertible.
In §4 the proof of Theorem 1.1 will be given. At this point, we remark that an immediate consequence of this theorem is the following corollary, which is due to Dyer, Porcelli, and Rosenfeld [2, Corollary B]. The proof of the nonobvious half of Theorem 1.1 splits naturally into two cases, and we shall consider them separately. We denote by (J) the ideal of all compact operators in Sf(Jt), and by (S) the set of all operators of the form X+ T where Te (J) and X is a nonzero scalar. Also, (F) will denote the complement in Sf(Jf ) of (J)kj(S). In §2 we give the proof for operators in (F), and in §3 we treat operators in (S). In each case, slightly more is proved than is necessary to prove Theorem 1.1.
Nilpotent perturbations of operators in (F). In what follows, A(A)
will denote the spectrum of an operator A. Since the spectrum of the first matrix in (1) clearly lies on the unit circle, and since the second matrix tends to zero in the uniform topology as a goes to infinity, it follows from the upper-semicontinuity of the spectrum that for a large enough, the spectrum of the sum of the two matrices in (1) lies in an arbitrarily thin annulus containing the unit circle in its interior. Thus (by virtue of the factor a2/3 in (1)) ß may be chosen sufficiently large so that A[(Sß)-1(B+Nß)Sß]rl@= 0, and the theorem follows.
3. Nilpotent perturbations of Fredholm operators. We recall that A is a Fredholm operator of index zero if and only if the null space of A and the null space of A* are finite dimensional subspaces of the same dimension and the range of A is closed. It is well known that if A is a Fredholm operator of index zero on Jif, then there exists a finite rank operator F e =Sf pf ) such that A +Fis invertible. The following theorem shows that the finite rank operator F mentioned in the above statement can be taken to be nilpotent whenever zero is an isolated point of the spectrum of A. 
